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New Modeling and Control Design Techniques
for Smart Deformable Aircraft Structures
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A new modeling and control design speci� cally tailored to smart aeroelastic systems is presented. The control
problem is to achieve a roll maneuver with a desired roll rate using a piezoelectric material laminated � exible wing
subject to aerodynamic � eld. This multidisciplinary system of an elastic structure with piezoelectric actuating
and sensing under external aerodynamic load is modeled with an integrated � nite element method. The deformed
structure for obtaining the speci� c roll rate is madeup of new massand stiffness matrices, which are functions of the
steady-state input electric potential to piezoelectric actuators. The resulting model in the generalized coordinates,
which has a mass matrix, a nonsymmetricaerodynamicdampingmatrix, and a nonsymmetric stiffness matrix (due
to aerodynamic stiffness), is then transformed to real but nonorthogonal modal coordinates and a reduced-order
model is developed. A new control design algorithm based on reciprocal state-space framework is introduced to
achieve the desired roll rate and to dissipate vibrations by applying acceleration feedback.

Nomenclature
A = system matrix in state-space framework
B = input distribution matrix in state-space framework
[B] = differentiated shape functions
B = actuator distribution matrix
C = damping matrix
C A = aerodynamic damping matrix
C Ad = aerodynamic damping matrix in deformed structure
CL = lift coef� cient
CÂ = modal damping matrix
C = output matrix in state-space framework
c = airfoil chord length
[c] = structural stiffness
[ Nc] = transformed structural stiffness
D = electrical displacement
E = electric � eld
[e] = piezoelectricconstant matrix
[ Ne] = transformed piezoelectric constant matrix
F = forcing function
f = external forcing function
G = system matrix in reciprocal state-space framework
Gc = closed-loop system matrix in reciprocal state-space

framework
g = ¸.M2 ¡ 2/=Ua.M2 ¡ 1/
H = input distribution matrix in reciprocal state-space

framework
I = angular moment of inertia
J = Jacobian (structure)
Ja = Jacobian (aerodynamic)
Jd = Jacobian (deformed)
J = performance index
K = stiffness matrix
K = control gain
K A = aerodynamic stiffness matrix
Kq = structural stiffness matrix
KqÁ = piezoelectriccoupling matrix
KÁÁ = dielectric stiffness matrix
L = lift
[L] = differential operator
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l = length of wing
M = mass matrix
M = Mach number
MR = rolling moment
m = mass of wing
N = structural shape function
P = roll rate
Q = surface charge
Q = weighting matrix in linear quadratic regulator

(LQR) framework
q = generalized coordinates
q = ½aU 2

a =2
R = weighting matrix in LQR framework
S = strain vector
S = optimal parameter
T = stress vector
[T ] = transformationmatrix
t = time coordinate
t = surface traction
U1 = air velocity
u; v; w = displacements
u = displacement vector
u = input vector in state-space framework
V = voltage
X = structural coordinates
x; y; z = structural coordinates
x 0; y0; z 0 = principal axes
x = state vector
y = output vector in state-space framework
® = angle of attack
¯ = transformed coordinates
0 = desired roll angle change
° = shear strain
1p = aerodynamicpressure difference
± = variationaloperator
±T = � rst variation of kinetic energy
±U = � rst variation of potential energy
±W = � rst variation of work done by external force
["] = dielectric matrix
2 = modi� ed shape function
µ = skew angle
3 = frequency matrix
3i = frequency
¸ = 2q=

p
.M2 ¡ 1/

»; ´; ³ = element local coordinates
½a = air density
Á = roll angle
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’ = generalized electric potential
Â = modal coordinates
9 = electric potential

Subscripts

a = air
d = deformed coordinates
E = electrical
i = node number
q = structural
r = roll
s = strain
t = stress
tw = twisting
x; y; z = structural coordinates

I. Introduction

I N nature, birds change their wing shapes to achieveproper � ight
performance. Humans have long pursued the dream of achiev-

ing birdlike � ight performance. Efforts in that direction led to the
development of rigid control surfaces such as an elevator, ailerons,
a rudder, and � aps for conventionalaircraft. However, these efforts
were only adequate for limited � ight envelopes and maneuvers al-
though many modern � ghter aircrafts are required to possess rapid
maneuverabilityat various speeds and altitudes.For example, if one
attempts to accomplishthis rapidmaneuverfor the aircraftswith tra-
ditional control surfaces, many dif� culties arise. One of them is the
roll reversal phenomenon and the other is the vibration problem.

Aircraft’s wings are deformed signi� cantly due to high dynamic
pressure during a swift roll motion. This deformation causes the
roll reversal phenomenon.1 In addition, structural vibrations of an
aircraft, however, can cause discomfort and long-term component
failure. This issue is compounded by space and weight limitations
that reduce the effectivenessof active and passive controls.A prop-
erly deformable wing structure2 is expected to enable the aircraft to
have faster and gentlermaneuverabilityas well as more ef� cient and
safer performance than the traditionalaircrafts.One way to achieve
this goal, in an ef� cient manner, is to use piezoelectric compo-
nents. Piezoelectric sensors and actuators are good candidates for
active vibration and shape control in the aircraft structures because
of their light weight, small volume, and various shapes. Numer-
ous studies3¡7 have shown the utility of piezoelectric materials in
structural vibration and noise control in aircraft.

In recent years, therefore, design and control of a deformable
wing based on smart structure actuation and sensing has become
an active topic of research in the aerospace community. Federal re-
search laboratories such as Wright Laboratory and the Defence Ad-
vanced Research Projects Agency and industries such as Northrop
Grumman Corporation are actively engaged in research and devel-
opment of this challengingmultidisciplinaryarea (elastic structures,
smart materials, external aerodynamic pressure, � ight mechanics,
and control) with extensive applications.8;9

Most of the previous modeling and control design research in
this multidisciplinaryarea is con� ned to integrationof any two sub-
disciplines such as structures and control, control and smart ma-
terials, and structures and smart materials. Recently, attempts at
the full-integratedproblem of incorporating all � ve subdisciplines,
namely, structures, aerodynamics, smart materials, � ight mechan-
ics, and control system design, are reported in Refs. 10 and 11. This
type of pure and straightforwardintegrationof these � ve disciplines
is realizedto be a complicated task requiringexpertisein all of these
disciplines.

In this paper,effortsareundertakento modeland controla � exible
wing structureembeddedwith piezoelectricactuators.A desiredroll
rate is achieved by actively deforming the wing. Typically, the mo-
tion of the multidisciplinary � exible aircraft structures3;4;12 can be
expressed in the form of multivariable linear ordinary second-order
differential equations in the con� guration or generalized coordi-
nates. In this study, the multidisciplinary� exible aircraft structural
system is formed with a symmetric positive de� nite mass matrix
but a nonsymmetric and inde� nite damping (which includes aero-

dynamic damping) and stiffness (which includes aerodynamic and
piezoelectricmaterial stiffness in addition to the standard structural
stiffness) matrices. To have constant roll rate and to dissipatevibra-
tions by applying acceleration feedback, a new framework called
reciprocal state space3;13 is used for control design purposes. This
new modeling and control design methodology is illustrated with
the help of an example.

II. Integrated Modeling for Smart Flexible
Deformable Wings

The equations of motion for multidisciplinary � exible aircraft
structural systems, in general, have been formulated in the orthog-
onal coordinates for pure structural dynamics.14 The aerodynamic
pressure distribution to achieve roll motions, then, is assumed to
be known along these modal coordinates. In this research, attempts
are made to obtain a more generic modeling procedure that is ap-
plicable not only to the present problem of roll maneuvers but also
to the future applications involving pitch, roll, and yaw maneuvers.
With this in mind, it is realized that the equations of motion for the
multidisciplinaryaeroelastic system can be developed easier in the
generalized coordinates than in the orthogonal modal coordinates.
The elastic structure, piezoelectric coupling, aerodynamic pressure
distribution,� ightmechanics,andcontroldesignare simultaneously
considered in the direct generalized coordinates,and then the com-
plete model is transformed to generalized (possibly nonorthogonal)
modal coordinates. A � nite element modeling procedure is applied
to developthe completemodelof thismultidisciplinarysystem.This
is described in the next section.

A. Finite Element Modeling of a Deformable Wing
The constitutive equations for a piezoelectric material are

expressed as15

T D [c]S ¡ [e]T E (1)

D D [e]S C ["]E (2)

Accordingly, [c]; [e], and ["] are given by

[c] D

2

66666664

C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44

3

77777775

(3)

[e] D

2

64
0 0 0 0 e15 0

0 0 0 e24 0 0

e31 e32 e33 0 0 0

3

75 (4)

["] D

2

64
"11 0 0

0 "11 0

0 0 "33

3

75 (5)

To generate the � nite element formulation of a � exible wing, an
eight-nodecoupledbrick element is selectedas shown in Fig. 1. The
shape functions of the elements are expressed as

Ni D 1
8
.1 C »»i /.1 C ´´i /.1 C ³³i /; i D 1; : : : ; 8 (6)

Each node of the element has four degrees of freedom, which are
spatial displacements u; v, and w and electric potential ’. These
displacements and electric potential are coupled to each other ac-
cording to the constitutive equations (1) and (2). The displace-
ment � elds with the shape functions in the � nite element model are
expressed as

u D bNqcq (7)

9 D [NE ]’ (8)
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Fig. 1 Coupled eight nodes, three-dimensional solid.

Fig. 2a Angle of attack.

Fig. 2b Shear strains.

Fig. 3 Finite element analysis of a twisting wing.

where bNq c and [NE ] are the shape functions in the q and ’ coor-
dinates. Then the strain and electric � elds are written as

S D bLqcbNq cq D bBq cq (9)

E D [L E ][NE ]’ D bB’c’ (10)

where bLq c and [L E ] are differential operators.

B. Torsional Motion of Piezoelectric Continua
Recall that lift forces vary as the angles of attack ® of a wing,

which can be changed by the twisting motion of the wing. It is clear
that one needs to impart twisting motion to the wing to generate
the required moments for various � ight maneuvers such as roll.
Figures 2a and 3 show the angle of attack and twisting motion of a
wing, respectively.

The twisting motion of a plate can be achieved by producing a
pair of shear strains °x y in opposite directions as shown in Fig. 2b.
In this study, the directionalattachment techniqueof the polyvinyli-
dene � uoride(PVDF) actuators16¡18 is employedto achievetwisting
motion of the wing. As shown in Fig. 4, two PVDF layers, bottom
and upper layers, are attached to a plate with opposite skew anglesµ
and¡µ to generatethe torqueon the plate.The relationsbetween the

Fig. 4 Skew angles.

principal axes (x 0; y0; z0) and reference axes (x; y; z) are expressed
as

T 0 D [Tt ]T (11)

S 0 D [Ts]S (12)

where [Tt ] and [Ts] are coordinate transformation matrices shown
in Ref. 19. Now, Eqs. (1) and (2) can be expressed as

T D [ Nc]S ¡ [ Ne]T E (13)

D D [Ne]S C ["]E (14)

where

[ Nc] D [Tt ]
¡1[c][Ts] (15)

[ Ne] D [e]Ts (16)

It is shown in Ref. 18 that the transformed piezoelectric matrix [ Ne]
has a nonzero e36 entry. The importance of this entry is that the
torsionalmotion can be producedby this coef� cient.The maximum
shear strain °x y can be obtained when the skew angles are ¼=4
(Ref. 18).

C. Modeling of Aerodynamic Pressure Distribution
The modelingof aerodynamicpressuredistributionon the � exible

wing structure is considered. According to piston theory,20;21 the
aerodynamic pressure on the surface of a wing for a high Mach
number (M > 1:6) is expressed as

1p D ¡
µ

¸

³
@w

@x

´
C g

³
@w

@t

´¶
(17)

where w is the nodal displacement in z direction. The constants ¸
and g are given by

¸ D 2q
¯p

M2 ¡ 1 (18)

g D .¸=U1/[.M2 ¡ 2/=.M2 ¡ 1/] (19)

q D 1
2 ½aU 2

1 (20)

where U1 is air velocity. Figure 5 shows a 32-degrees-of-freedom
brick element with aerodynamicloads.According to Eq. (18), these
loads are changed by the vertical displacements of nodes. It is as-
sumed that the loads change along the x and » coordinates and the
pressure difference between upper and lower surfaces of the wing
act on the upper surface as shown in Fig. 5. By substituting Eq. (7)
into Eq. (17), we obtain

1p D ¡¸[Ba ]q ¡ g[Na ] Pq (21)
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Fig. 5 Coupled eight nodes, three-dimensional solid with aerodynamic
loads.

where [Na ] and [Ba ] are given as

[Na] D
2

4
0 0 0 0 0 0 ¢ ¢ ¢ 0 0 0

0 0 0 0 0 0 ¢ ¢ ¢ 0 0 0

0 0 N1;³ D 1 0 0 N2;³ D 1 ¢ ¢ ¢ 0 0 N8;³ D 1

3

5 (22)

[Ba ] D
2

6664

0 0 0 0 0 0 ¢ ¢ ¢ 0 0 0

0 0 0 0 0 0 ¢ ¢ ¢ 0 0 0

0 0
@N1

@»

­­­­
³ D 1

0 0
@ N2

@»

­­­­
³ D 1

¢ ¢ ¢ 0 0
@ N8

@»

­­­­
³ D 1

3

7775

(23)

D. Equation of Motion via Hamilton’s Principle
The equation of motion of the twisting wing can be derived from

Hamilton’s principle, which is expressed as

Z t2

t1

.±T ¡ ±U C ±W / dt D 0 (24)

where ±U is the � rst variationof total potentialenergy.The potential
energy includes the conservative mechanical strain energy and the
electrical energy. The energy terms ±T; ±U; and ±w are expressed
as15;22;23

±T D
Z

v

½ Pu ± Pu dV (25)

±U D
Z

v

f±ST [ Nc]S ¡ ±ST [Ne]TE ¡ ±ET [Ne]S ¡ ±E T ["]E g dV (26)

±W D
Z

s

ft±u ¡ Q±’g dS (27)

where ½ is the mass density. By substituting Eqs. (25–27) into
Eq. (24), one gets
Z

v

f±ST [ Nc]S ¡ ±ST [Ne]T E ¡ ±E T [ Ne]S ¡ ±ET ["]E C ½± PuT Rug dV

¡
Z

s

f±uT t ¡ Q±’g dS D 0 (28)

By substituting Eqs. (7–10) into Eq. (28), one can combine
Hamilton’s principle with the � nite element method to obtain

Z

v

©
±qT [Bq ]T [ Nc][Bq ]q ¡ ±qT [Bq ]T [Ne]T [B’ ]’ ¡ ±’T [B’]T [Ne][B’]q

¡ ±’T [B’]T ["][B’]’ C ½±qT [Nq ]T [Nq ] Rq
ª

dV

¡
Z

s

©
±qT [Nq ]T

³ D 1.¡¸[Ba ]q ¡ g[Na] Pq/

¡ ±’T [NE ]T Q
ª

dS D 0 (29)

Equation (29) can be reorganized as

±qT

» Z

v

[Bq ]T [ Nc][Bq ] dV q C
Z

v

[Bq ]T [Ne]T [B’ ] dV ’

C
Z

v

½[Nq ]T [Nq ] dV Rq C
Z

s

g[Nq ]T
³ D 1[Na ] dS Pq

C
Z

s

¸[Nq ]T
³ D 1[Ba ] dSq

¼
C ±’T

» Z

v

[B’]T [Ne][Bq ] dV q

C
Z

v

[B’ ]T ["][B’] dV ’ ¡
Z

s

[NE ]T Q dS

¼
D 0 (30)

From Eq. (30), the mass, stiffness, and damping matrices can be
de� ned in the brick element local coordinates. These matrices are
given by

M D
Z 1

¡1

Z 1

¡1

Z 1

¡1

½[Nq ]T [Nq ]jJ j d» d´ d³ (31)

C A D
Z 1

¡1

Z 1

¡1

g[Nq ]T
³ D 1[Na ]jJaj d» d´ (32)

Kq D
Z 1

¡1

Z 1

¡1

Z 1

¡1

[Bq ]T [c][Bq ]jJ j d» d´ d³ (33)

K A D
Z 1

¡1

Z 1

¡1

¸[Nq ]T
³ D 1[Ba]jJa j d» d´ (34)

Kq’ D
Z 1

¡1

Z 1

¡1

Z 1

¡1

[Bq ]T [e]T [B’ ]jJ j d» d´ d³ (35)

K’q D K T
q’

(36)

K’’ D
Z 1

¡1

Z 1

¡1

Z 1

¡1

[B’]T ["][B’]jJ j d» d´ d³ (37)

and J and Ja are the Jacobian matrices:

J D

2

6666664

@ N1

@»

@ N2

@»

@ N3

@»

@ N4

@»

@ N5

@»

@ N6

@»

@ N7

@»

@ N8

@»

@ N1

@´

@ N2

@´

@ N3

@´

@ N4

@´

@ N5

@´

@ N6

@´

@ N7

@´

@ N8

@´

@ N1

@³

@ N2

@³

@ N3

@³

@ N4

@³

@ N5

@³

@ N6

@³

@ N7

@³

@ N8

@³

3

7777775

£

2

666666666664

x1 y1 z1

x2 y2 z2

x3 y3 z3

x4 y4 z4

x5 y5 z5

x6 y6 z6

x7 y7 z7

x8 y8 z8

3

777777777775

(38)
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Ja D

2

664

@ N1

@»

@ N2

@»

@ N3

@»

@ N4

@»

@ N1

@´

@ N2

@´

@ N3

@´

@ N4

@´

3

775

2

664

x1 y1

x2 y2

x3 y3

x4 y4

3

775 (39)

Accordingto Eq. (21), the aerodynamicloads are expressedin terms
of the generalizedcoordinates.Moreover, in Eqs. (32) and (34), the
loads are grouped as the stiffness and damping coef� cient matrices
of the system. These coef� cients are labeled as the aerodynamic
stiffness and damping matrices. When Eq. (30) is rewritten in a
matrix form, the well-known matrix second-order system24 can be
obtained as
µ
M 0

0 0

¶ µ
Rq
R’

¶
C

µ
CA 0

0 0

¶ µ
Pq
P’

¶
C

µ
Kq C K A Kq’

K’q K’’

¶ µ
q

’

¶
D

µ
0

Q

¶

(40)

III. Equation of Steady Roll
In this section, the roll maneuver with a constant roll rate is an-

alyzed. In aerodynamic � eld, the roll motion can be achieved by
twisting motion of an active deformable wing. The twisting motion
is produced by the steady-state electric potential actuation through
piezoelectricactuators. Because the model of the wing is expressed
with nodal displacements and electric potentials, the angular dis-
placement cannot be directly shown in generalized coordinates. In
this study, therefore,theangulardisplacementof roll motion (Fig. 6)
and its relationship to the input voltage are developed.

The roll equation of motion for the wing is obtained from the
moment equilibrium equation:

I RÁ D MR (41)

where Á and MR are roll angle and rolling moment due to lift,
respectively.The angular moment of inertia I is expressed as

I D 1
3
ml2 (42)

where l is a half length of the wing. The rolling moment due to lift
MR is expressed as

MR D
Z l

0

L.y/ dy (43)

where L.y/ is lift force,

L.y/ D qcCL .y/ (44)

where q D .½U 2=2/ and U are dynamic pressure and air velocity,
respectively.The liftcoef� cientCL.y/ canbe expressedasa function
of angle of attack ® as

CL .y/ D @CL .y/

@®
[®0.y/ C ®e.y/] D CL0 C @CL

@®
®e.y/ (45)

Fig. 6 Roll motion of wing.

Fig. 7 Finite element model of wing plate with piezoelectric lamina.

where ®0.y/ is angle of attack for zero lift and it is assumed that
®0.y/ is zero. Note that, ®e.y/ can be written as25

®e.y/ D ®pz.y/ ¡ Py=U (46)

where ®pz.y/ is the angle of attack produced by piezoelectric ac-
tuation and Py=U is the induced angle of attack due to roll rate
P (Ref. 25). When Eq. (46) is substituted into Eq. (45), the lift
coef� cient is written as

CL .y/ D CL®[®pz.y/ ¡ Py=U ] (47)

whereCL® D @CL .y/=@®. When Eq. (47) is introducedintoEq. (45),
the lift is expressed as

L.y/ D CL®qc[® pz.y/ ¡ Py=U ]

D
¡
CL®½cU 2

¯
2
¢
[® pz.y/ ¡ Py=U ] (48)

Then, the rolling moment is obtained as

MR D
CL® ½cU 2

2

Z l

0

µ
®pz.y/ ¡

Py

U

¶
dy

D
CL® ½cU 2

2

"
¡

Pl2

2U
C

Z l

0

®pz.y/ dy

#
(49)

When Eq. (49) is substituted into Eq. (41) and P D PÁ is used, the
equation of motion for the roll can be expressed as

1

3
ml2 RÁ C

CL® ½cUl2

4
PÁ D

CL® ½cU 2

2

Z l

0

®pz.y/ dy (50)

A � nite element model analysis (Fig. 7) is applied to � nd the
relationship between the angle of attack ®pz.y/ and the nodal elec-
tric potential ’. For the purpose of modeling, it is assumed that
chordwise segments of the wing remain rigid. Figure 8 shows the
cross-sectionalarea and angle of attack ® of the wing.

The angle® is the twistingangledue to thepiezoelectricactuation
in the element local coordinates. First, the angle of attack in the
element coordinates, ®pz.´/, has to be obtained. It is assumed that
the angle ® is constant through the chord line for small twist angles.
The angle of attack is measured from the centerline of the cross
section of the wing. In the element local coordinates, the angle ®pz

is expressed as

®pz.´/ D @w

@»

­­­­
³ D c³

(51)

where c³ is the coordinatevalue for centerlineof the cross-sectional
area of the wing in the local coordinate. Finally, the angle ®pz is
expressed in the generalized coordinates as

® pz.´/ D [L tw]bNq cq D [Btw]q (52)

where

[L tw] D

"
0 0

@

@»

­­­­
³ D c³

#
(53)

Fig. 8 Cross section of wing.
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Fig. 9 Finite element model for wing.

[Btw] D
"

0 0
@ N1

@»

­­­­
³ D c³

0 0
@ N2

@»

­­­­
³ D c³

¢ ¢ ¢ 0 0
@ N8

@»

­­­­
³ D c³

#

(54)

q D [u1 v1 w1 u2 v2 w2 ¢ ¢ ¢ u8 v8 w8]T (55)

To build a full model, the angle of attack has to be integrated into
the physical coordinates expressed as

Z y2

y1

®pz.y/ dy (56)

where y1 and y2 are lower and upper bound for the j th element in
the y coordinate as shown in Fig. 9. Because the twisting angle is
constant throughout the chord line, » can be selected as zero. Then,
the modi� ed shape function2 and y coordinatein the � nite element
are expressed as

2i D 1
8
.1 C ´´i /.1 C c³ ³i / (57)

y D
8X

i D 1

2i yi (58)

From the chain rule,

dy D
dy

d´
d´ (59)

dy

d´
D

8X

i D 1

d2i

d´
yi (60)

The angle of attack for the j th structural element in the physical
coordinate y is expressed as

A j D
Z y2

y1

®pz.y/ dy D
Z 1

¡1

®pz.´/

8X

i D 1

d2i

d´
y ji d´

D
Z 1

¡1

[Btw]
8X

i D 1

d2i

d´
y ji d´q j D [B®]J® j q j (61)

where q j , the generalizedcoordinates for j th element and [B® ] and
J® j , are given as

[B®] D

"

0 0

Z 1

¡1

@ N1

@»

­­­­
³ D c³

d´ 0 0

Z 1

¡1

@ N2

@»

­­­­
³ D c³

d´ ¢ ¢ ¢ 0 0

Z 1

¡1

@ N8

@»

­­­­
³ D c³

d´

#
(62)

J® j D
8X

i D 1

d2i

d´
y ji d´ (63)

Thus, the total integration of the angle of attack is written as
Z l

0

®pz.y/ dy D
pX

j D 1

A j D [B®q ]q (64)

Fig.10 Twisting motionofa cantilevered wing (� nite element analysis).

Fig. 11 Deformed coordinates.

where bB®qc is the (1 £ n) matrix, which is [B®] ¢ J® j for the cor-
respondingnodal displacementq. The nodal displacementq due to
the electric potential input ’ can be obtained from the equation of
motion of the cantilevered wing, which is expressed as

Mq Rq C Kqq D ¡Kq’ ’ (65)

Figure 10 shows the twisting motion of a cantilevered wing with
voltage actuation.Because the twisting angle is the static de� ection
of the wing, Eq. (65) can be reduced to

Kqq D ¡Kq’’r (66)

where ’r is the electric potential input for roll. Because the stiffness
matrix of the cantilevered wing is nonsingular, the displacements
are expressed as

q D ¡K ¡1
q Kq’ ’r (67)

When Eqs. (50), (64), and (67) are combined,the equationof motion
for roll motion with voltage actuation is expressed as

1
3
ml2 RÁ C

¡
CL® ½cUl2

¯
4
¢ PÁ D ¡

¡
CL® ½cU 2

¯
2
¢
B®q K ¡1

q Kq’’r

(68)

IV. Equation of Motion for Deformed Structure
A considerable amount of research exists on the vibration sup-

pression of � exible structures.4;7;26¡28 In a roll maneuver with a
� exible wing, a desired angle of attack should be maintained to
achieve a desired roll rate. To maintain the desired angle of attack,
the static deformation, twisting, of the wing need to be preserved.
Therefore, a new equation of motion for the deformed structure is

necessary to dissipate the vibration of the wing as well as to obtain
the desired roll motion.

The � nite element model based on the deformed coordinates, xd ,
yd , and zd are de� ned as shown in Fig. 11. The displacement � elds
are then written as

ud D bNqcqd (69)

W d D bN’c’d (70)
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where

qd D
£
ud1 vd1 wd1 ud2 vd2 wd2 ¢ ¢ ¢ ud8 vd8 wd8

¤
T

(71)

’d D
£
Vd1 Vd2 ¢ ¢ ¢ Vd8

¤T
(72)

The strain � elds are expressed as

Sd D bBq cqd (73)

Ed D bB’ c’d (74)

To obtain the equation of motion for the deformed structure, the
following physical coordinates are used:

Xd D X C qtw (75)

where

Xd D
£
xd1 yd1 zd1 xd2 yd2 zd2 ¢ ¢ ¢ xd8 yd8 zd8

¤T
(76)

X D [x1 y1 z1 x2 y2 z2 ¢ ¢ ¢ x8 y8 z8]T (77)

qtw D
¥

qtw1 qtw2 ¢ ¢ ¢ qtw8

¦
(78)

The static twisting displacementqtw can be obtained from Eq. (67),
which is expressed as

qtw D ¡K ¡1
q Kq’’r (79)

where’r is electricpotentialinputfor thedesiredroll.WhenEq. (79)
is substituted into Eq. (75), the deformed coordinatesare expressed
as

Xd D X ¡ K ¡1
q Kq’ ’r (80)

Finally, the equation of the motion for a deformed structure in the
aerodynamic � eld is given by

µ
Md 0

0 0

¶ µ
Rqd

R’d

¶
C

µ
CAd 0

0 0

¶ µ
Pqd

P’d

¶
C

µ
Kd C K Ad Kq’d

K’qd K’’d

¶ µ
qd

’d

¶

D
µ

0

Qd

¶
(81)

where

Md D
Z 1

¡1

Z 1

¡1

Z 1

¡1

½[Nq ]T [Nq ]jJd j d» d´ d³ (82)

C Ad D
Z 1

¡1

Z 1

¡1

g[Nq ]T
³ D 1[Na ]

­­Jad

­­d» d´ (83)

Kd D
Z 1

¡1

Z 1

¡1

Z 1

¡1

[Bq ]T [c][Bq ]jJd j d» d´ d³ (84)

K Ad D
Z 1

¡1

Z 1

¡1

¸[Nq ]T
³ D 1[Na ]

­­Jad

­­d» d´ (85)

Kq’d D
Z 1

¡1

Z 1

¡1

Z 1

¡1

[Bq ]T [e]T [B’ ]jJd j d» d´ d³ (86)

K’qd D K T
q’d

(87)

K’’d D
Z 1

¡1

Z 1

¡1

Z 1

¡1

[B’]T ["][B’]jJd j d» d´ d³ (88)

and Jd and Jad are the Jacobian matrices in the deformed coordi-
nates:

Jd D

2

66666664

@ N1

@»

@ N2

@»

@ N3

@»

@ N4

@»

@ N5

@»

@ N6

@»

@ N7

@»

@ N8

@»

@ N1

@´

@ N2

@´

@ N3

@´

@ N4

@´

@ N5

@´

@ N6

@´

@ N7

@´

@ N8

@´

@ N1

@³

@ N2

@³

@ N3

@³

@ N4

@³

@ N5

@³

@ N6

@³

@ N7

@³

@ N8

@³

3

77777775

£

2

666666666664

xd1 yd1 zd

xd2 yd2 zd2

xd3 yd3 zd3

xd4 yd4 zd4

xd5 yd5 zd5

xd6 yd6 zd6

xd7 yd7 d7

xd8 yd8 zd8

3

777777777775

(89)
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It is clear that the deformed structural mass, damping, and stiffness
matrices are expressedas the functionsof ’r , which is input electric
potential for the steady roll motion.

V. Model Reduction in Nonorthogonal
Modal Coordinates

From Eq. (81), the equation of motion with voltage actuation is
written as

Md Rqd C C Ad Pqd C
¡
Kd C K Ad

¢
qd D ¡Kq’d ’d (91)

By premultiplying M¡1 on both sides of Eq. (91), one gets

Rqd C M¡1
d CAd Pqd C M¡1

d

¡
Kd C K Ad

¢
qd D ¡M¡1

d Kq’d ’d (92)

However, the model in this system is too large for a meaning-
ful control system design. For this reason, a transformation to the
nonorthogonal(but real)modalcoordinatesis carriedout.The modal
equation of motion of the system can be obtained with a similarity
transformation that diagonalizes the integrated stiffness matrix.29

Let

qd D [T ]Â (93)

where

[T ] D [t1 t2 t3 ¢ ¢ ¢ tn]; ti : eigenvectorof the system

Then, Eq. (92) can be written as

RÂ C CÂ PÂ C 3Â D FÂ ’d (94)

where

Â D [Â1 Â2 Â3 ¢ ¢ ¢ Ân]T (95)

CÂ D [T ]¡1 M¡1
d CAd [T ] (96)

3 D [T ]¡1 M¡1
d

¡
Kd C K Ad

¢
[T ] D diag.31; 32; ¢ ¢ ¢ 3n/ (97)

FÂ D ¡[T ]¡1 M¡1
d Kq’d (98)

and the eigenvalues 3i are complex numbers.
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VI. Control Design Speci� cally Tailored
to Smart Structural Systems

State-spacerepresentationis a useful tool to designcontrollersfor
linear systems, and many control design methods in the state-space
framework are available to achieve stabilization and regulation of
the state variables. However, for the particular problem at hand, to
achieve a desired constant roll rate, the state-space based control
design is cumbersome to use because the steady-state constant roll
rate implies in� nite roll displacements as time progresses. There-
fore, the closed-loop system is considered unstable. To overcome
this problem and still design a simple controller using available
control system software for this desired roll rate achievement prob-
lem, a new framework called the reciprocal state-space framework
is proposed.13

Note that the majority of the mechanicaldynamic systems can be
expressed in the form of a � nite-dimensional,multivariable,matrix
second-order (MSO) differential equation as 3;12;19;24;29¡31

M Rq C C Pq C K q D B f (99)

where Mn £ n ; Cn £ n ; and Kn £ n are the mass, damping, and stiff-
ness matrices, respectively.Bn £ m is an actuator distribution matrix
and qn £ 1 and fm £ 1 are the generalized coordinate and the external
forcingvector, respectively.Controllersand observersare designed,
in general, after the MSO system is converted to this standard � rst-
order state-spaceframework shown in Eq. (100). Full state feedback
control in the state space is then written as

µ
Pq
Rq

¶
D

µ
0 I

¡M¡1K ¡M¡1C

¶ µ
q

Pq

¶
C

µ
0

M¡1 B

¶
f (100)

Px D Ax C Bu (101)

u D ¡Kx (102)

where x D [q Pq]T and u D f . The closed-loop system is then given
as

Px D .A ¡ BK/x (103)

According to Eqs. (100–103), the state variable x consists of dis-
placement and velocity terms. Thus, it is not easy to implement a
full state feedback control for structural systems in the state-space
framework when we have acceleration measurements. In many
structural applications, however, only acceleration measurements
are available.To overcome this problem, a new control design tech-
nique named full state-derivative control based on the reciprocal
state-space (RSS) framework3;4;12;13 is introduced as shown in the
following equations:

x D G Px C Hu (104)

u D ¡K Px (105)

where

G D A¡1 (106)

H D ¡A¡1 B (107)

Note that the eigenvalues of the system matrix G in the RSS are
the reciprocalof those in the standard state-space framework. Thus,
the stability conditions for both the RSS and the standard state-
space frameworks are the same. The closed-loopsystem in the RSS
framework is given as

x D .G ¡ HK/ Px D G c Px (108)

where G c is a closed-loop system matrix. As shown in Eqs. (104),
(105), and (108), the state derivative Px , which has acceleration
information,can be directly fed back in the RSS. Also, accordingto
Refs. 3, 4, 12, and 13, most controllerdesign techniquesin the state-
space framework like pole placement and linear quadratic regulator
(LQR) can be directly applied to the RSS framework.

In the RSS framework the state derivatives, not the states them-
selves, are directly controlled. In other words, the state derivatives
areminimized in anoptimalfashion,when the RSS is appliedto opti-
mal control.The state-derivativeperformanceindexto be minimized
is written as

J Px D
Z 1

0

PxT Px dt (109)

By adding a control performance index, one gets the following
nonstandard form:

J D
Z 1

0

. PxT Q Px C uT Ru/ dt (110)

This nonstandard performance index makes the state-derivative
feedbackcontrollerdesign easy when compared to the standardout-
put feedback in the state-space framework. For example, when the
state derivatives are sensed and fed back in the state-space frame-
work, the following output feedback relationship is obtained:

y D C Px (111)

u D ¡Ky (112)

The controlgain K canbe foundby usinganoptimaloutput feedback
control design scheme. It is known that output feedback control is
more complicated than state feedback control.32;33 However, if we
use the RSS framework, � nding an optimal output feedback gain
K becomes quite straightforward.13 The control input in the RSS
shown in Eq. (104) is given as

u D K Px (113)

In this framework, the closed-loop system becomes

x D .G ¡ HK/ Px D G c Px (114)

Finding the K that minimizes J in this new system description is
mucheasierbecausewe can use the standardparameteroptimization
methodology to � nd the gains involved in the Lyapunov matrix.
When Eq. (113) is substitutedinto Eq. (110), the performanceindex
can be expressed as

J D
Z 1

0

[ PxT Q Px C .K Px/T R.K Px/] dt D
Z 1

0

PxT .Q C KT RK/ Px dt

(115)

Suppose that we can � nd a constant, positive-semide�nite matrix S
that satis� es33;34

@

@t
.xT Sx/ D ¡ PxT .Q C KT RK/ Px (116)

Since x D Gc Px,

@

@t
.xT Sx/ D PxT

¡
SG c C GT

c S
¢

Px (117)

Then, one may rewrite Eqs. (116) and (117) as

0 D SG c C GT
c S ¡ KT RK C Q (118)

or

0 D SG C GT S ¡ SHR¡1 H T S C Q (119)

This equation is the RSS version of well-known algebraic Ricatti
equation. The correspondingfeedback gain is expressed as

K D R¡1 H T S (120)
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In this study, the RSS framework is employed to achieve the de-
sired roll rate and to dissipate vibrationof the wing. The state-space
representationof the steady roll motion [Eq. (68)] is expressed as

µ PÁ
RÁ

¶
D

2

4
0 1

0 ¡3CL®
½cU

4m

3

5
µ

Á

PÁ

¶

C

2

4
0

¡3CL® ½cU 2

2ml2
[B®q ][Kq ]¡1[Kq’ ]

3

5 ’r (121)

or

Pxr D Ar xr C Br ur (122)

where xr D [Á PÁ]T and subscript r is roll motion. The RSS repre-
sentation of Eq. (122) is expressed as

xr D Gr Pxr C Hr ur (123)

ur D Kr Pxr (124)

where

Gr D A¡1
r (125)

Hr D ¡A¡1
r Br (126)

For a roll rate control, coordinates transformation are required in
order to have a regulationproblem. The coordinate transformations
are expressed as

P̄ D Pxr C Pd (127)

¯ D xr C 0 (128)

0 D Pd t (129)

where Pd and t are the desired roll rate and time, respectively.Then,
Eqs. (123) and (124) are written as

¯ D Gr
P̄ C Hr ur (130)

ur D Kr
P̄ (131)

From Eqs. (130) and (131), performance indices to be minimized
are expressed as

Jr D
Z 1

0

£
P̄T Qr

P̄ C uT
r Rr ur

¤
dt (132)

where Qr is positive semide� nite and Rr is positive de� nite matri-
ces. According to Refs. 32 and 34, the new LQR state-derivative
feedback gain in the RSS is given as

Kr D R¡1
r H T

r Sr (133)

The matrix Sr can be obtained from the associatedalgebraic matrix
Riccati equation, which is expressed as

0 D Sr Gr C GT
r Sr ¡ Sr Hr R¡1

r H T
r Sr C Qr (134)

Similarly, the vibratoryequationofmotion [Eq. (94)] for the � exible
wing can be expressed in the state-space framework as

µ
PÂ
RÂ

¶
D

µ
0 I

¡3 ¡CÂ

¶ µ
Â

PÂ

¶
C

µ
0

FÂ

¶
’d (135)

or

Px D Ax C Bu (136)

where x D [Â PÂ ]T . The RSS representationof Eqs. (135) and (136)
are expressed as

x D G Px C Hu (137)

u D K Px (138)

where

G D A¡1 (139)

H D ¡A¡1 B (140)

From Eqs. (137) and (138), performance indices to be minimized
are expressed as

J D
Z 1

0

[ PxT Q Px C uT Ru] dt (141)

where Q and R are positive semide� nite and positive de� nite matri-
ces, respectively.The LQR state-derivativefeedback gain in RSS is
given as

K D R¡1 H T S (142)

The matrix S can be obtained from the associated algebraic matrix
Riccati equation, which is expressed as

0 D SG C GT S ¡ SHR¡1 H T S C Q (143)

VII. Illustrative Example for Roll
and Vibration Control

A PVDF plate wing with 2 layers and 16 elements (Fig. 12) is
selected for a control design whose objective is to achieve a desired
constant roll rate. Each layer has an opposite skew angle to generate
torquesof the wing.One-halfof the plate has eight, eight-nodebrick
elements with the total number of nodes being 30. In other words,
the system has 120 degrees of freedom, 90 for structural and 30
for electrical degrees of freedom. It is observed that the open-loop
system is unstable.

Although a pure structural system is neutrally stable, in general,
the structure in the aerodynamic � eld is no longer stable due to the
presence of the nonconservative aerodynamic � eld, which brings
forth some stiffness as well as damping. When the proposed control
design technique is applied, the closed-loop system is not only sta-
bilized but also a desired constant roll rate of 1.5 rad/s is achieved.
The roll angles shown in Fig. 13 correspondto Fig. 14, which shows

Fig. 12 Plate wing (PVDF).

Fig. 13 Roll-angle responses (M = 2.0).
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Fig. 14 Roll-rate responses (M = 2.0).

Fig. 15 Input voltages at node 2.

Fig. 16 Displacement responses (� rst � exible mode, M = 2.0).

the roll rate responsesfor a selected set of weightingmatrices. From
Fig. 14, it is clear that thedesiredroll velocityof 1.5 rad/s is achieved
by the controller. The roll angle gradually increases as expected.
Figure 15 shows the input voltage for the roll maneuver. The input
voltage is used to build the deformed structure model. Figures 16
and17 showtheclosed-loopresponsesfor the � rst andsecondmodes
of vibrations of the wing plate that is deformed by the steady-state
input voltage for the roll motion.

Fig. 17 Displacement responses (second � exible mode, M = 2.0).

VIII. Conclusions
In this research, an attempt is made to model the dynamics of a

smart � exible wing involving the integration of � ve disciplines,
namely, structures, aerodynamics, smart materials, control, and
� ight mechanics.The control objective is to sustain a roll maneuver
with a desired roll rate and to suppress the � exible mode vibrations
by actively deforming the wing. Modeling of this dynamics is done
using � nite element method in generalized coordinates.Because of
the coupling between these subsystems, the resulting MSO system
of equations consists of a symmetric positive de� nite mass matrix
but a nonsymmetric and inde� nite damping (which includes aero-
dynamic damping) and stiffness (which includes aerodynamic and
piezoelectricmaterial stiffness, in addition to the standardstructural
stiffness) matrices. The electric potential through the piezoelectric
actuators serves as the control variables. The steady-state electric
potential dependent mass, stiffness, and damping matrices are also
determined to maintain the desired roll rate during the roll ma-
neuver. For the vibration problem, the large model in generalized
coordinates is then transformed to a set of nonorthogonal modal
coordinates, and model reduction is carried out in these modal co-
ordinates. The roll and vibration controls are designed in a new
framework called reciprocal state space in which is implemented
acceleration and velocity feedback control easily.
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